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Abstract

The distribution of radionuclides in the ground during the hypothetical serious damage to an underground

nuclear power station is considered. A set of ®ltration gas equations and convective di�usion equations are used to
describe the transport of radionuclides. Processes of nuclear decay and nonequilibrium adsorption are taken into
account. The results of mathematical modeling of the distribution of 90 and 137 isobaric radionuclide chains, and

zones of probable pollution of the environment by these radionuclides, are presented. # 1999 Elsevier Science Ltd.
All rights reserved.

1. Introduction

The actual problem of nuclear power at the moment
is the creation of a safe nuclear power station. One of

the possible ways to overcome this problem is to create
an underground nuclear power station, where the

radionuclides can be located in the environmental
media near to station's site, in case of serious damage.

The purpose of this work is to estimate the probable
radioactive pollution to the environmental porous

media during serious damage to an underground
nuclear power station.

The study of distribution of radionuclides in porous
media was carried out in a number of studies [1±5].

The one-dimensional problem of distribution of an iso-
baric radionuclide chain in porous media under the in-

¯uence of pressure of products from an underground

explosion was solved by Basanskii et al. [1]. The nu-

merical solution of the two-dimensional problem of

distribution of radionuclides without nuclear decay

was given in Ref. [2]. The solution to the problem of

ground pollution by radionuclides during serious

damage to an underground nuclear power station was

presented in Ref. [3] which took into account gas ®l-

tration and nuclear decay processes. However, the pro-

cesses of adsorption and the in¯uence of convective

di�usion was not taken into account in this work. The

analytical solutions of the one-dimensional problems

of the movement of radioactive gas transported in

half-in®nite porous media by a ¯ow of the inert gas-

carrier with constant velocity are presented in Refs.

[4,5]. Later we considered the transport of radionuclide

chains in porous media after serious damage to an

underground atomic pile, taking advantage of all the

above listed processes.
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Nomenclature

P pressure of gas mix
~u velocity of gas mix movement
~r coordinate vector

r radial component of coordinate vector
z axial component of coordinate vector
t time

m porosity of medium
k permeability of porous medium
A constant equal sound velocity in degree two

N number of radionuclides
c concentration of radionuclide in the gas ¯ow
a amount of adsorbed radionuclide in unit of volume of porous media
D coe�cient of convective di�usion

D0 coe�cient of molecular di�usion
d the middle diameter of grains of porous medium
E the sinuosity coe�cient for the medium

n coe�cient depending on character of porous medium
t0 characteristic time of process
k0 characteristic value of permeability of porous medium

u0 characteristic value of velocity of ¯owing gas mix
Pi, j grid function of pressure of gas mix
ui, j grid function of velocity of gas mix movement

Ci, j grid function of concentration of radionuclide in ¯owing gas
Ai, j grid function of amount of adsorbed radionuclide in unit of volume of porous media
T calculation time
zi grid analog of axial component of coordinate vector

rj grid analog of radial component of coordinate vector
h grid step at spatial coordinate
S0 surface of damage part of containment

Q integrated ¯ow [relative mass unit/sec]
W total mass output [relative mass unit]

Greek symbols
r density of gas mix

m average viscosity of a gas mix
g reciprocal of the Henry isotherm
l constant of nuclear decay

b kinetic coe�cient of adsorption of radionuclide
j coe�cient that depend on character of porous medium (9)
Z kinematic viscosity of gas mix

wi, j grid function de®ned in (22)
bi, j grid function of kinetic coe�cient of adsorption
Oi, j grid function of coe�cient of convective di�usion
t time step

Subscripts
k serial number of radionuclide at mass chain
r radial component

z axial component
i index of grid function (axial direction)
j index of grid function (radial direction)
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2. Formulation of a problem

Let us formulate the physico-mathematical model
for the description of the ground pollution process by
the products of radioactive transformations formed

during serious damage to an underground nuclear
power station. We assume that the pressure of gas mix
P1>P0 (P0 is the gas mix pressure in the porous media

at the initial time) was formed at the initial moment of
time in the cylindrical area which appropriate to the
form of pile. This problem can be considered in the

cylindrical system of coordinates (r, z ) where the axis
r=0 coincides with an axis of station. We take the en-
vironmental media as porous media with given proper-
ties of permeability k and porosity m.

The following set of equations describe the move-
ment of a gas mix in porous media and consists of the
continuity equation, the movement equation and the

state of gas equation [2].

m
@r
@ t
� div�r~u� � 0 �1�

~u � ÿk
m

grad P �2�

P � Ar �3�

Here r(~r, t ) is the density of a gas mix, ~u(~r, t ) is the
vector of velocity of a movement, P(~r, t ) is the gas
pressure, m is the porosity of media, k is the per-

meability, and m is the average viscosity of a gas mix.
It is accepted in Eqs. (1)±(3) that the movement of

gas in porous media submits to Darcy's law.
Eqs. (1)±(3) take the form:
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in the cylindrical system of coordinates.
This set of equations can be written down as:
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The gas mix that was formed in containment contains
radioactive isotopes which were transferred to the en-
vironmental media at a further distribution of gas. The

distribution of radionuclides belonging to the same iso-
baric chain, at the transfer by gas in the porous media
in account of di�usion processes, adsorption processes

and nuclear decay, is described by the following set of
the equations [1]:
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where ck(r, z, t ) is the concentration of kth radio-

nuclide at ¯ow, ak(r, z, t ) is the amount of kth
adsorbed radionuclide in a unit of volume of the
porous media, Dkr and Dkz are components of the

coe�cient of convective di�usion, ~u(~r, t ) is the velocity
of a ¯owing gas, lk is the coe�cient of nuclear decay
for kth radionuclide, N is the number of radionuclides

in the mass chain, bk is the kinetic coe�cient of mass
transfer for kth radionuclide, and gk is the reciprocal
of the Henry isotherm kth radionuclide. It is accepted
that l000 and lN00 in Eqs. (7) and (8). (At ®rst the

radionuclide of the isobaric chain is not present and
the last radionuclide in the chain is not decayed.)
The coe�cient of convective di�usion depends on

the velocity of ®ltered gas and the properties of the
porous media. The dependence of coe�cient of convec-
tive di�usion from properties of media is presented by

the following formulae:

Fig. 1. Area of calculation for the problem.
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Table 1

Parameters of radionuclides

Mass number of

a chain

Radionuclide Initial concentration in

containment

(relative mass unit/m3)

Constant of nuclear

decay

(l,1/sec)

The reciprocal of

the Henry isotherm

(g )

Coe�cient of molecular

di�usion,

(m2/sec)�10ÿ4

137 I2 1 0.028 0.5 0.069

Xe 0.51 0.003 0.1 0.048

Cs 0.03 0.0 0.9 0.76

90 Kr 1 0.021 0.1 0.05

Rb 0.24 0.004 0.8 0.5

Sr 0.02 0.0 0.9 0.7

Fig. 2. Distribution of gas pressure through (a) 30 min and (b) 20 h after damage of pile.
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Fig. 3. Distribution of concentration of radionuclides at the moment of time 30 min: (a) Xe-137, (b) Cs-137, (c) in the ¯ow and

adsorbed Cs-137.
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Dk,r�r, z, t� � D0k �E ÿ1 � j�urD
ÿ1
0k
d �n�,

Dk,z�r, z, t� � D0k �E ÿ1 � j�uzD
ÿ1
0k
d �n� �9�

if we assume the media similar and isotropic [6], where
D0k is the coe�cient of the molecular di�usion for the
kth radionuclide, d is the middle diameter of grains of
porous medium, E is the sinuosity coe�cient for the

medium, and j and n are the coe�cients that depend
on the character of the porous medium.
The calculation of the kinetic coe�cient we used ex-

perimentally received dependence [1]

bk � 0:1uD0k �Zd �ÿ1 �10�

where Z is the kinematic viscosity of gas.
The model of the transfer of radionuclides that

results from the set of Eqs. (7) and (8) allows us to
take into account both radionuclides being in a ¯ow
and radionuclides which are not transferred but

adsorbed in ground. Considering the coe�cients bk
and gk as factors describing the heat and the mass
transfer of kth radionuclide between the gas and con-

densed phase it is possible to use Eqs. (7) and (8)
together with the boundary and initial conditions for
the environment pollution model.
We assume that the expiration of gas occurs from a

part of the cylindrical surface S0, and give below the
appropriate boundary conditions of a problem.
The area of calculation and borders for the problem

of distribution of a gas mix and radionuclides in the
porous media are submitted in Fig. 1.
Here O is the area of calculation where the process

of gas distribution is simulated, G0 is the surface of
containment, V is the reactor area where the pressure
is increased as a result of serious damage, and G1 is
the external border of calculation area.

Owing to the cylindrical symmetry of a problem we
carry out the modeling of process only in the area O.
We give the initial conditions for the gas pressure

as:

P�r, z, t � 0� �
�
P0,�r, z� 2 O
P1,�r, z� 2 V �11�

The assumption about permanency of pressure P0 on
removed distance from containment was used as the

boundary condition at ~r $ G1 for the problem of the
gas distribution in the porous medium.

P�~r 2 G1, t� � P0, P�~r 2 G0, t� � j�t� �12�

We assume that gas pressure on a surface of contain-
ment j(t ) in conditions (12) changes over time,

because of the expiration of gas into the environment.
This change is taken into account by the law of mass
preservation.

d ln j
dt

� ÿS0

V
u jG0

, j�t � 0� � P1 �13�

Here S0 is the area of a surface of containment
through which there is the expiration of gas, and u jG0

is the velocity of the expiration of gas through the sur-

face of a broken part of containment.
There is no radioactive impurity in the porous

medium at the initial moment. The concentration of

radionuclides is not equal concentration of back-
ground

ck�r, z, t � 0� � ak�r, z, t � 0� � 0 �14�

ck�~r 2 G0, t� � fk�t�, ck�~r 2 G1, t� � 0 �15�

where fk (t ) is determined from the decision of the
ordinary di�erential equations taking into account out-

¯ow of an impurity from an area of pile in view of
radioactive transformations

dfk

dt
� ÿS0

V
u jG fk ÿ lkfk � lkÿ1fkÿ1,

fk�t � 0� � c0k

�16�

where c0k is the concentration of kth radionuclide in

the area of containment at t=0.

3. The method of the decision of problem

Dimensionless variables and parameters are given in
Eqs. (5)±(8).
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L
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,
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, u 0z � uz
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,
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A
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, c 0 � c
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, a 0 � a

r1
,

k 0 � k

k0
, b 0 � bmmL2

k0P1
, l 0 � lmmL2

k0P1
,

D 0r � Drt0
mL2

, D 0z � Dzt0
mL2

�17�

One can write down the set of Eqs. (5)±(8) in the
dimensionless forms (the primes of the variables are
omitted)
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The boundary and the initial conditions (11)±(16) are
also presented with an account of dimensionless vari-

ables.
Solving Eqs. (18)±(21) with conditions (11)±(16) was

carried out by the numerical method on an IBM PC.

For the numerical realisation of the decisions made in
Eqs. (18) and (20) the alternating method with iter-
ations on each temporary step was used [7].

Fig. 4. Distribution of concentration of adsorbed (a) Cs-137, (b) Cs-137 in the ¯ow at the moment of time 4 h.
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Grid functions are as follows:

Pi, j � P�zi, rj, nt�, uri, j � ur�zi, rj, nt�,

wi, j � P�zi, rj,nt�k�zi, rj, nt�,

Cki, j � ck�zi, rj, nt�, Aki, j � ak�zi, rj, nt�,

bki, j � bk�zi, rj, nt�, Ok,ri, j � Dk,r�zi, rj, nt�,

Ok,zi, j � Dk,z�zi, rj, nt�

�22�

where i=1,M, j=0, J, and n is the number of tempor-
ary steps up to a ®xed moment of time T=nt. The cal-

culations were carried out on the uniform spatial grid.
Therefore,

zi � hzi, rj � hr j

where hr is the step on coordinate r, and hz is the step

on coordinate z and t is the step on time.
Thus the di�erential operators in the set of

equations were approximated by the grid operators

with accuracy O(h 2
r+h 2

z+t ). The di�erential equations
which appropriate to Eq. (18) on the ®rst and second
temporary half-steps take the forms

Fig. 5. Distribution of concentration of Sr-90 (a) in the ¯ow and (b) in a adsorbed phase at the moment of time 20 h.
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The di�erential equations which appropriate to the Eq.
(20) on the ®rst and second temporary half-steps was
used as follows:
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�
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Fig. 6. Dependence for 137th chain of radionuclides of the integrated ¯ow (a) on the surface of ground and (b) logarithmic depen-

dence of a total mass of radionuclides of 90th isobaric chain output in atmosphere in time.
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The analysis of stability of the di�erential Eqs. (23),
(24), (25) and (26) has shown that at ®xed meanings
[wi,j and Oki,j , they are absolutely steady.
The components of velocity of a movement of gas

were calculated on to the di�erential equation of the
Darcy Eq. (19) at the numerical decision of Eqs. (20)
and (21) with conditions (14)±(16) at each step of time.

4. Results of the mathematical modeling

The results of the mathematical modeling of the for-
mulated problem are the zones of probable pollution
by the radionuclides of the 90th and 137th isobaric
chains. The radionuclides of these chains are typical at

ejection of radioactive products during serious
damages to a nuclear power station and biologically
are dangerous to the population, because of large

periods of half-decay ®nal radionuclides of chains Sr-
90 and Cs-137.
The pressure on the surface of the ground at the cal-

culations was considered as the constant and was
equal atmospheric. This condition is right as the
dynamic pressure of a gas mix at the ®ltration velocity
in the porous media is not enough in comparison with

the static pressure of atmosphere. Within the frame-
work of the model it was supposed also that the small
heat capacity of gas in comparison with the heat ca-

pacity of the porous medium at the ®ltration of gas
occurs in a ®eld of given temperature. At realisation of
calculations it was also accepted that a whole part of a

containment is destroyed, i.e. the surface S0 through
which there is the expiration of gas equal to the
surface of a whole part of containment. We have

S0=pr(r+2h ) in case of approximation of the contain-
ment by the cylinder.

The following parameters values of the problem
were accepted at calculations: P1=6� 105 Pa is the in-
itial pressure in containment; m=0.1, k=10ÿ12 m2,

d=0.001 m are the characteristics of medium; m=0.25
� 10ÿ4 kg/m � sec, Z=13.2 � 10ÿ2 m2/sec are the
characteristics of a gas mix; and L=R=100 m,

r=15 m, h=20 m are the geometrical sizes of a
problem. The parameters of radionuclides are
submitted in Table 1.

The concentration of radionuclides was set accord-
ing to data of the manual in an initial moment of time
[8].
The calculations were carried out on a spatial grid

of 32� 32 mesh. The step on time was accepted equal
to 0.001 at calculations.
The results of mathematical modeling of the distri-

bution of radionuclides in the ground are shown in
Figs. 2±6. Fig. 2 shows the distributions of gas press-
ure through 30 min (a) and 20 h (b) after damage of

pile. Fig. 3(a, b) illustrate the distribution of concen-
trations Xe-137 and Cs-137 in the ¯ow. Fig. 3 shows
the distribution of concentration of adsorbed Cs-137 at

30 mins after damage.
The amount of Xe in the ground after 4 h is ex-

tremely insigni®cant owing to nuclear decay and the
absence of adsorption Xe. Only Cs is present in the

ground initially and the distribution of Cs after 4 h is
submitted on Fig. 4. Fig. 5 demonstrates the distri-
bution of Sr-90 20 h after the moment of damage. Fig.

6(a) shows dependence for the 137th chain of radio-
nuclides of the integrated ¯ow in time on the ground
surface. The dependence of a total mass of radio-

nuclides of 90th isobaric chain output in the atmos-
phere is shown in Fig. 6(b). This integrated
characteristic is important for the estimation of radio-
active pollution.

The marked calculations show that the distribution
of radionuclides in the ground much depends on the
geometry of a problem, characteristics of ground as

the porous medium, and the adsorbed abilities of
radionuclides.
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